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Abstract

We develop a model with many advertisers (products) and many advertising markets

(media). Each advertiser sells to a di¤erent segment of consumers, and each medium has

a di¤erent ability to target advertising messages. We characterize the competitive equi-

librium in the media markets and evaluate the implications of targeting in advertising

markets.

An increase in the targeting ability leads to an increase in the total number of

purchases (matches), and hence in the social value of advertising. Yet, an improved

targeting ability also increases the concentration of Örms advertising in each market.



1 Introduction

Over the past decade the internet has become an increasingly important medium for adver-

tising. The arrival of the internet has had important consequences on the market position

of many traditional media, i.e. o ine media such as print, audio and television. For some of

these media, most notably the daily newspapers, the very business model is under the threat

of extinction due to competition from the internet for the placement of advertising. The

following chart shows the recent changes in aggregate spending for advertising on di¤erent

media.1

Figure 1: U.S. Advertising Markets: Revenue Comparison

At the same time, through a variety of technological advances, the internet has allowed

many advertisers to address a targeted audience beyond the reach of traditional media. In

fact, it has been argued that the distinguishing feature of internet advertising is its ability

to convey information to a targeted audience. In particular, targeting improves the quality

of the match between the consumer and the advertisement message, and enables smaller

businesses to access advertising markets from which they were previously excluded.2 While

this holds for display advertising, it is even more true for sponsored search, where the

individual consumer declares her intent or preference directly, by initiating a query.

The objective of this paper is to develop a model of competition between o ine (tra-

ditional) and online (new) media, in which the distinguishing feature of the online media

is the ability to (better) target advertisement messages to their intended audience. We

1 Source: Price Waterhouse Coopers annual reports for the Interactive Advertising Bureau.
2 Anderson (2006) refers to this phenomenon as the ìlong tail of advertising.î
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investigate the role of targeting in the determination of (a) the allocation of advertisements

across di¤erent media, and (b) the equilibrium price for advertising. For this purpose, we

Örst develop a framework to analyze the role of targeting, and then use this to model to

analyze the interaction between o ine and online advertising.

We present a model in which advertising creates awareness for a product. We consider

an economy with a continuum of buyers and a continuum of products. Each product has

a potential market size which describes the mass of consumers who are contemplating to

purchase it. Each consumer is contemplating only one of the available products, and the role

of the advertisement is to generate a match between product and consumer. The placement

of an advertisement constitutes a message from the advertiser to a group of consumers.

If the message happens to be received by a consumer with interest in the advertiserís

product, then the potential customer turns into an actual customer and a sale is realized.



targeting improves. While the marginal product of each message is increasing in the target-

ing ability, thus potentially increasing the prices for the advertisement, a second and more

powerful e¤ect appears. As consumers become more concentrated, the competition among

di¤erent advertisers becomes weaker. In fact, each advertiser focuses his attention on a few

important advertising markets and all but disappears from the other advertising markets.

Therefore, the price of advertising is declining in the degree of targeting, even though the

value of advertising is increasing. The number of participating advertisers shows a simi-

larly puzzling behavior. While improved targeting increases the total number of advertisers

participating across all markets ñby allowing smaller advertisers to appear ñit reduces the

number of actively advertising Örms in each speciÖc advertising market.

In the second part of the paper we introduce competition among di¤erent media for the

attention of the consumer. Thus, while each consumer is still only interested in one product,

he can now receive a message from any advertiser through two di¤erent advertising media.

A single message received in either one of the media is su¢ cient to create a sale. The

ìdual-homingîof the consumer across the two media markets may then lead to duplicative

e¤orts by the advertisers, who therefore view messages in the two competing markets as

substitutes. We Örst describe the advertising allocation when the competitors are both

traditional media without any targeting ability. In this case, messages on the two media are

perfect substitutes, and the equilibrium prices are equalized. Furthermore, the allocation

of messages only depends on the total supply, not on its distribution across media.

The competition among two o ine media markets presents a useful benchmark when

we next consider competition between an o ine and an online market. We analyze the

interaction of o ine media ñsuch as newspapers or TV ñwith online media, such as display

(banner) and sponsored search advertisements. Display advertisements allow for targeting

through superior knowledge of the consumerís preferences (attribute targeting). Sponsored

keyword search advertisements allow advertisers to infer the consumerís preferences from her

actions (behavioral targeting). As expected, competition lowers the equilibrium revenues

of the traditional medium. However, if entry by an online competitor reduces the available

advertising space on the traditional media (for example, by reducing the time consumers

spend on each channel), then the e¤ect of competition on the equilibrium price of advertising

is non monotonic. In particular, as the consumers shift their attention from traditional

to new (targeted) media, the price on the traditional channels is Örst decreasing, then

4









Finally, the supply of messages Ma in every advertising market a is proportional to the

size sa of the advertising market and given by

Ma , sa � M;

for some constant M > 0. The constant M can be interpreted as the attention or time that

the representative consumer allocates to receiving messages from the advertising outlet.

Firms can purchase advertisement messages at a unit price pa in each market a. The

total proÖts of Örm x are given by:

�x ,
Z 1

0
[sa;xf (ma;x; sa) � pama;x] da: (4)

The awareness function f (�) described above applies literally to the case of display

advertising online, where each impression corresponds to a message. However, it can be

easily amended for the analysis of broadcast media. In particular, let ma;x be the product



exponential distribution:

sa;x

sx
,

8<: e�(x�a); if 0 < a � x;

0; if a > x;
(6)

with a mass point
sa;x

sa
, e�x if a = 0.

In other words, we model market a = 0



may read either one of the publications, but that a consumer with interest in Ötness bikes

does not read ìVelonews,î and by extension that a consumer with an interest in comfort

bikes does not read ìVelonewsî nor ìSports Illustratedî. In other words, the triangular

structure represents a positive but less than perfect correlation of the preference and the

audience characteristics of a consumer. The speciÖc feature of the triangular structure,

namely the unidirectional di¤usion of the consumer x across advertising markets a � x,

is not essential for the qualitative character of our results, but allow us to represent the

strength of the targeting in a single variable, namely the parameter  of the exponential

distribution.

As we vary the targeting measure  from 0 to 1, we change the distribution and

the concentration in each advertising market. The limit values of , namely  = 0 and

 = 1, represent two special market structures. If  = 0, then all consumers are present

in advertising market 0 and hence there is a single advertising market. If, on the other

hand,  ! 1, then all consumers of product x are present in advertising market x, and

hence we have advertising markets with perfect targeting. More generally, as we increase

, an increasing fraction of consumers of product x move away from the large advertising

markets (near a = 0) to the smaller advertising markets (near a = x). Figure 2 illustrates

the cross section, represented by the conditional distribution sa;x=sx, of how the consumer

segments of two di¤erent advertisers are distributed across the advertising markets (for a

low and high degree of targeting in the left and right panel respectively). The mass points

indicate the number of consumers of each Örm that are present in advertising market 0.

Figure 2: Conditional Distribution of Consumers across Advertising Markets
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Figure 3 shows how two advertising media host consumers across di¤erent product
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It is an implication of the above optimality conditions that Örms with a larger market share

sx choose to send more messages to the consumers. In consequence, at the equilibrium

price, the Örms with the largest market share choose to advertise. Let [0; X] be the set of

participating Örms, where X is the marginal Örm, and let M be the total supply of messages.

The equilibrium price p for messages is then determined by the market clearing condition:

Z X

0
mxdx = M:

Using the optimal demand of Örm x and the formula for product market shares (5), we

obtain Z X

0
(ln (� /p) � �x) dx = M . (7)

The equilibrium price and participation are determined by imposing



the competitive equilibrium implements the socially e¢ cient allocation of advertisement

messages (given �). An easy way to see this is that with a uniform unit price of messages, the

marginal returns to the messages bought by di¤erent Örms are equalized. A natural question

is how does the social value of advertising depend on the product market concentration.

Consider holding the allocation m�
x Öxed, and increasing �. Now the total market share of

the



as the market share of the large Örms is already substantial, the increase in their demand

is not su¢ cient to pick up the decrease in demand coming from the marginal Örms, and

consequently the equilibrium price falls. The additional demand of the large Örms is weak

because of decreasing marginal returns: an increase in the already large advertising volume

leads to many more redundant messages, which generate few additional sales. Figure 4

shows the market demand and supply for di¤erent values of the concentration measure �.

Figure 4: Equilibrium Demand for Di¤erent Concentration Measures

We can view the dichotomy in the comparative statics as driven by the determination

of the marginal demand for advertising. For high enough �, the source of the marginal

demand is the marginal Örm, and the price goes down with an increase in �. Likewise for

low �, the marginal demand is driven by the inframarginal Örms, and then the advertising

price is increasing with �. In this sense, the non monotonic behavior of prices is not speciÖc

to the exponential distribution of Örmsímarket shares. On the contrary, it is a consequence

of the natural tension between competition and concentration.

It is useful to recast the equilibrium of the model in hedonic terms. In this respect,

Proposition 2 shows that larger Örms pay a decreasing amount per consumer reached as

� increases. This result is driven by the concentration of the equilibrium messages in the

hands of a few Örms, who make large proÖt levels on the inframarginal units. Conversely, the

price per consumer reached is increasing in � for Örms smaller than the median advertising

Örm. For these Örms, the price per consumer reached increases until it attains a value of

one (which is the marginal return to the Örst message f 0 (0)). In particular, for all �, the
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marginal Örm X� (�), which pays a price per consumer reached equal to one.

One may wonder how relaxing the assumption of perfectly inelastic supply a¤ects the

comparative statics result in Proposition 2. For the case of constant supply elasticity q





ma;X�
a

= 0: In particular, we have:

Z X�
a

a
ma;xdx = saM ,

and

sa;X�
a
=s



Proposition 3 (Many Markets, E¢ ciency)

The social value of advertising is strictly increasing in the targeting ability .

To understand the implications of targeting on social welfare, consider the relative size

of consumer segment x in advertising market a = x:

sx;x

sa=x
=  + �.

We observe that better targeting increases the value that Örm x assigns to a message in

the advertising market a = x. Now let us consider holding the allocation of messages ma;x

constant, and increasing the degree of targeting . The volume of matched consumers and

Örms is increasing because of the shift in the relative sizes of advertising markets. Since we

know that the competitive allocation of messages is Pareto e¢ cient, the equilibrium (for

the new ) has unambiguously improved the social value of advertising.

The comparative statics results with respect to the concentration measure � and message

volume M do not di¤er qualitatively from the case of a single advertising market. More

importantly, the e¤ect of targeting ability  and product market concentration � on the

equilibrium allocation is remarkably similar. In particular, prices are increasing in � if and

only if both the concentration and the targeting parameter are low enough. We now focus

on the comparative statics with respect to , where a higher  means more precise targeting.

We deÖne the equilibrium advertising revenues on each advertising market a as R�
a , sap�a.

Proposition 4 (Role of Targeting)

1. The number of messages per capita m�
a;x=sa is increasing in  for x � (a + X�

a) =2,

and decreasing for x > (a + X�
a) =2:

2. The number of participating Örms X�
a � a is decreasing in .

3. The equilibrium price p�a is increasing in  if and only if � +  < 2=M .

4. The equilibrium revenue R�
0 is decreasing in . The revenues R�

a>0 are increasing in

 if and only if  < (1 +
p

1 + 2M�)=M .

The equilibrium number of messages m�
a;x is increasing in  for the participating Örms

larger than the median Örm active on each market a. Furthermore, more precise targeting
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implies a lower number of active Örms. Notice that the relationship between targeting

ability and equilibrium price is generally hump-shaped. However, if either M or � are large,

then p�a is decreasing in  for all values of . In other words, despite the increased social

value of advertising, the equilibrium price of advertising is decreasing in the targeting ability

over a large range of parameter values. In terms of revenues, it is immediate to see from

equations (11) and (12) that an increase in  leads to an increase in the size of markets

a > 0 and to a decrease in the size of market 0. Since prices are constant, revenues in market

0 are decreasing in . Finally, targeting has the same qualitative e¤ect on the equilibrium

revenues in all markets a > 0.

We now come back to the similar e¤ects of concentration and targeting. In particular,

as with product market concentration, an increase in targeting  reduces the demand of the

marginal Örm on each advertising market a. At the same time, better targeting increases the

demand of the inframarginal Örms. The underlying tension is the one between identifying

a consumer segment precisely, and Önding several advertisers who are interested in it. The

resulting trade-o¤ between competition and inframarginal willingness to pay applies to a

number of contexts, such as generic vs. speciÖc keyword searches, and more or less precise

attributes targeting on social networks.

For example, Goldfarb and Tucker (2010) analyze bidding data for ìpersonal injuryî

Google keywords, and report the prices paid by advertisers (law Örms) in several locations.

The variation in prices across locations is considerable, ranging from over $50 per click to

nearly zero. We can reinterpret these results in light of our comparative statics results. In

particular, Öx  at a high value, reáecting the precise targeting ability of a speciÖc Google

keyword. The di¤erent markets (zip codes) considered by Goldfarb and Tucker (2010) di¤er

by product market concentration (�), measured by the number of personal injury lawyers,

and presumably also by the average exposure (M) of consumers to online advertising. In

our Proposition 4.3, we show how these market conditions a¤ect the proÖtability of a high

level of targeting. In particular, the e¤ect of targeting on the equilibrium price is positive

if both � and M are low enough. Therefore, variation in concentration and supply across

di¤erent advertising markets can lead to a wide dispersion in prices for precisely targeted

advertisement messages.

To conclude this section, we should point out that the exponential distributions over

advertising and product markets provide particularly tractable expressions. The insights
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about the non monotonic behavior of the equilibrium price of advertising extend to more

general production and distribution functions. In the working paper version, Bergemann

and Bonatti (2010), we present a set of su¢ cient conditions for the comparative static



5 Media Competition

In this section, we deploy our model of general and targeted advertising markets as a frame-

work to provide insights into the e¤ects of competition between new and established media.

For this reason, we shall weaken the single-homing assumption to allow each consumer to

be present in multiple markets. A Örst e¤ect of competition is then to multiply the oppor-

tunities for matching an advertiser with a customer. At the same time, we maintain all

the assumptions of the previous sections, namely that each buyer is only interested in one

product, and that one message is su¢ cient to generate a sale.

We initially consider competition between traditional media, i.e. sellers of non-targeted

messages, where each medium is described by a single advertising market. For example,

this may represent the competition between nation-wide TV broadcasting and nation-wide

newspaper publishers. We initially abstract away from the role of targeting, in order to

trace out the implications of (a) the number of consumers present on each market, and

(b) the distribution of consumer characteristics in each market. The analysis of competi-

tion between traditional advertising markets can shed light on the interaction of new and

established (o ine and online) media along at least two dimensions.

First, new media are likely to have an initially smaller user base. As a consequence,

advertisement messages have a more narrow reach, though a smaller market makes it easier

to reach a large fraction of the audience. Our results show that only the largest advertisers

buy a positive number of messages in both markets. Furthermore, these Örms purchase a

constant number of advertising messages in the (new) smaller market. Therefore, media

competition allows medium-sized Örms to have a relatively larger presence on the new

advertising market, compared to the case of a single medium.

Second, the main feature of a targeted, online advertising market is a higher concen-

tration of consumers of a particular product, compared to a traditional market. Therefore,

the degree of product market concentration, which we focus on here, plays a similar role to

the degree of advertising market targeting of Section 4. In particular, di¤erences in mar-

ket concentration lead Örms to sort into those markets where their messages have a higher

probability of forming a match with the desired customer segment.
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market a until the critical level at which the value of advertising in a falls below pa. This level

depends on the amount of advertising in the other market. We denote by mx ,
P

a ma;x



B also visit the established medium A. For example, one may think of the early days of

online advertising, or more recently about new online advertising channels (such as social

networks).

We normalize the supply of messages per capita to Ma in each market



Proposition 6 (New Advertising Medium)

1. The equilibrium allocation of messages in the established market A is

m�
A;x =

p
2�MA � �x, for x �

p
2MA=�.

2. The equilibrium allocation of messages in the new market B is given by

m�
B;x =

8<: �(
p

2 (MA + MB) � �
p

2MA�); for x �
p

2MA=�,

�(
p

2 (MA + MB) � � �x); for
p

2MA=� < x �
p

2 (MA + MB) =�.

3. The equilibrium prices are given by

p�A = ��e�
p

2(MA+MB)� + (1 � �) �e�
p

2MA�,

p�B = �e�
p

2(MA+MB)�.

Figure 5 illustrates the allocation for MA = MB = 1; � = 2; and several values of

�: When � = 1, we return to the case of symmetric advertising markets, and the speciÖc

allocation displayed below is just one of the possible equilibrium allocations. The displayed

allocation for � = 1 is however the unique limit for the equilibrium allocations as � ! 1.

Figure 5: Equilibrium Demand for Di¤erent Market Sizes

Proposition 6 shows that the number of active Örms in market A is determined by the



MA + MB. Finally, the equilibrium price on the larger market pA is decreasing in the size

of the smaller market �, while the price on the smaller market pB is independent of �. Both

results can be traced back to changes in the supply of messages in the new market. Indeed

as � increases, demand by the larger advertisers also increases. This would drive the price

up and reduce the number of active Örms, but this e¤ect is o¤set by a proportional increase

in supply.

5.3 Media Markets with Di¤erent Distributions

As we saw in Section 4, the key advantage of more targeted advertising markets is to allow

fewer Örms to deliver messages to a more concentrated consumer population. We now shift

our attention to the role of the distribution of consumer characteristics for the competition

between di¤erent media markets.

We consider two advertising markets, a 2 fA; Bg and let the distribution of consumers

in market a be given by sa;x , �a exp (��ax). We assume that the advertising market A

has a more concentrated distribution over consumer characteristics than advertising market

B, or �A > �B. As the distribution of consumers across advertising markets is now assumed

to be di¤erent, it follows that not all consumer will be dual-homing. In particular, if a Örm

x has a larger presence in market A, then all its potential customers are present in market

A, but only a subset of them is present in market B. Given that �A > �B, this is the case

for the larger Örms, for which sA;x > sB;x. The converse holds for the smaller Örms, which



1. The largest Örms x 2 [0; X] only buy on market A:

2. A set of ìmedium-sizedî Örms x 2 [X; Y ] buy on both markets. These Örms divide



When this is the case, the marginal Örm X = Y has an identical share of consumers in each

of the two distributions.

The results in this section provide two kinds of insights into the interaction of online

and o ine advertising markets. Indeed, we can view each online advertising market as a

separate medium with a higher concentration of consumers. With this interpretation, the

prediction of the model is that Internet advertising induces the largest, most proÖtable

advertisers to switch away from the o ine medium, and to advertise only on the more

concentrated online markets.

In this sense, competition by a more concentrated (targeted) market is very di¤erent

from an (identical) emerging market with a smaller user base. In the former case, the

established media lose the most valuable Örms, as these Örms Önd a more proÖtable market

where to reach their customers. In the latter case, the established media share the largest

buyers with the new media, and actually hold a relatively favorable position (in terms of

the allocation of messages purchased by the largest Örms).

In an alternative interpretation, we can view market B as the newer medium, such

as the Internet, with a relatively larger presence of consumers of small (long tail) Örms.

Competition with a more concentrated (established) market then causes the demand for

messages by smaller Örms to completely crowd out the demand of larger Örms, and to

partially o¤set the demand of medium-size Örms. In this sense, online advertising increases

the number of Örms that have access to messages in equilibrium, and allows for a more

signiÖcant participation of smaller Örms.

6 O ine vs. Online Media

The internet has introduced at least two technological innovations in advertising, namely

(a) the ability to relate payments and performance (e.g. pay per click), and (b) an improved

ability to target advertisement messages to users. We focus on the latter aspect, and in

particular on the equilibrium allocation of advertising when both traditional and targeted

media are present.

In our model, the targeted markets represent specialized websites, and messages can

be thought of as display advertisements. We therefore refer to the traditional medium as

ìo ine,î and to the many targeted markets as ìonline.î We then consider a population
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of dual-homing consumers, who spend a total time of MA on the o ine medium, and MB

on a single market a in the online, targeted, medium. More speciÖcally, saMB denotes the

supply of messages on each targeted market.

Because of the risk of duplication, messages sent online and o ine are viewed as substi-

tutes by each Örm. This is not the case for messages sent on two di¤erent online markets,

since each consumer only visits one website (in addition to the o ine market). Therefore, if

Örm x sends a total of mx



that the more Örm x advertises o ine, the lower the price on the corresponding online

market a = x. This is again a consequence of the substitutability of messages across media.

We now turn to the message demands o ine. Since each Örm reaches a constant fraction

1�exp (�MB) of its customers online, the supply of messages online simply acts as a scaling

factor for each Örmís demand function o ine. Intuitively, each Örm now has sx exp (�MB)

potential customers o ine. The equilibrium allocation is then given by

X� =
p

2MA/ �; (19)

m�
x =

p
2�MA � �x: (20)

Equations (19) and (20) show that the equilibrium distribution of o ine messages across

the participating Örms, as well as the number of active Örms, are both identical to the

single market case. However, competition has a clear e¤ect on the equilibrium prices and

revenues, as we show in the next proposition.

Proposition 7 (Equilibrium Prices)

1. The equilibrium price on the o ine medium is given by

p� = � exp(�MB �
p

2�MA):

2. The equilibrium prices on the online markets are given by

p�a =

8<: exp(�a � MB �
p

2�MA); for a � X�,

exp(�MB); for a > X�.

Consistent with intuition, the o ine price p� is decreasing in MB. This reáects the

decline in each Örmís willingness to pay for regular advertisements when an alternative,

better targeted market is present. In other words, a targeted online market does not modify

the composition of the o ine market, but lowers the equilibrium proÖts. The prices in the

online markets are initially increasing in a, and then constant. This reáects the allocation

of messages o ine, where relatively smaller Örms buy a lower number of messages, and

are willing to pay more for MB messages per capita online. F03







two models are very close, as the concentration parameter of the distribution of consumers

on market 0 is equal to  + �. As a result, the largest Örms leave the o ine medium and

advertise exclusively online, in the largest markets a, leading to a decrease in the price of

the o ine medium.

This e¤ect is somewhat mitigated if the online market has a smaller user base. As in

the case of competition between o ine media of di¤erent sizes, we can show that all Örms

larger than a critical x� advertise both o ine and on all the available online markets (i.e.,

each Örm x buys messages on markets a 2 [0; x]). In terms of comparative statics, better

targeting reduces the demand for online messages by ìlong tailîÖrms, and induces a higher

concentration in the o ine medium. At the same time, larger Örms are also able to reach



equilibrium model. While the competitive equilibrium is the natural benchmark, it is of

interest to consider the pricing of advertising in strategic environments. In the working

paper version (Bergemann and Bonatti (2010)), we investigate the equilibrium pricing when

each advertising market is owned by a single or a few publishers, each one maximizing his

revenues. For the case of a single publisher, we analyze the optimal nonlinear pricing tari¤

in order to discriminate across advertising Örms of di¤erent segment size. We then extend

the model to a small number of publishers in which each publisher determines the supply

of messages in his outlet. In particular, we establish that for a su¢ ciently large, but Önite

number of publishers, the Nash equilibrium yields the competitive equilibrium outcome

analyzed here. Clearly, extending our model to incorporate the auctions for keywords in

the sponsored search environment, or the emerging ad exchange model, might o¤er valuable

additional insights in this respect.



Appendix

Proof of Proposition 1. The average probability of a match, which is equal to the total

fraction of consumers reached, is given by

W (�; M) =

Z X�

0
sx(1 � e�m�

x)dx = 1 � 1 +
p

2M�

e
p

2M�
,

which is increasing in �.

Proof of Proposition 2. (1.)ñ(4.) The comparative statics results can be derived

directly by di¤erentiating expressions (8), (9), and (10) in the text.

(5.) The total expenditure of Örm x � X� is given by

p�m�
x = �e�

p
2�M (

p
2�M � �x),

and the total number of consumers reached is

sx(1 � e�m�
x) = �e��x(1 � e�x�

p
2�M ):

Therefore, the price paid by Örm x per consumer reached is given by

p�m�
x

sx (1 � e�m�
x)

=

p
2�M � �x

e
p

2�M��x � 1
=

z

ez � 1
,

which is decreasing in z (with z =
p

2�M � �x), and therefore increasing in x: It is also

decreasing in � if x <
p

M=2� (which represents the median active Örm).

Proof of Proposition 3. The average probability of a match now takes into account



which is increasing in � and .

Proof of Proposition 4. (1.)ñ(4.) These statements follow from di¤erentiation of

expressions (14), (15), and (16) in the text.

Proof of Proposition 5. From the Örst order conditions for Örm x, we obtain

1 � fA;x = e�mA;x = e�x pA

� (1 � fB;x)
,

1 � fB;x = e�mB;x = e�x pB

� (1 � fA;x)
.

It follows that in equilibrium we must have pA = pB = p, and that the sum of the demands

is given by

mA;x + mB;x = ln
�

p
� �x:

Consider the market clearing condition for A and B combined,

Z X

0
(mA;x + mB;x) dx = MA + MB;





This expression is always negative for � < 8: If � � 8 then the relevant root is given by

max

(
1 �

p
� +

p
� � 8

2
p

2M
; 0

)
;

which concludes the proof.
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